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I. Covariant Stern-Gerlach Force
Standard formulation does not generate cor-

rect covariant form from the Lagrangian?

A. Gradient Force on Electric Dipole

~F = (~ρ · ∇) ~E ∼= ∇(~ρ · ~E)

B. Relativistic Form

Dipole Tensor: Uαβ = ge
2mSαβ

Lagrangian: LI = 1
2UαβFαβ = ~ρ · ~E + ~µ · ~B

Force: fµ = δL
δxµ = 1

2∂µ(UαβFαβ)

(if ∂[αFβσ] = 0) = Uαβ∂βFαµ

C. Covariant Form
Several authors Dixon[1], van Holten[2], Chou[3]

argue the covariant form is instead,

fµ = Uαβ∇βFαµ = Uαβ
(
∂βFαµ + Γσ

βµFσα − Γσ
αβFσµ

)
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II. Dynamic Mass

A. Stern-Gerlach ⇒ NonConserved Mass

Eqn of Motion: ṗσ = eẋνFνσ + 1
2∂σ

(
UαβFαβ

)

Contract with ẋ: ṁ = −ẋσṗσ = − d
dτ (U · F )

B. Barut’s Theory

Lagrangian: L = m
√

ẋµẋµ + eẋµAµ

Dynamic Mass: m = m0 − 1
2UαβFαβ

Ad-Hoc Spin Eq: Ṡµν = (A ∧ j)µν +(U ⊗F )µν

C. Features
• Spin magnitude is conserved

• Gauge-Dependent Torque (unphysical?)

• Curved Space Equation of Motion shows dynamic

mass is both the inertial and gravitational mass :

(m0 − 1
2UαβFαβ) (ẍσ + ẋαẋβΓσ

αβ)

= eẋνFνσ + 1
2(g

σµ − ẋσẋµ)∂σ

(
UαβFαβ

)

Does it make sense that Inertial mass can go
ZERO or NEGATIVE?
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III. New Gradient Torque

A. Dixon’s Analysis of Extended Bodies

Invariant: m2
o = pµpµ − 1

2λ2SµνSµν

Spin Enhanced Mass: m = mo

√
1 +

(
‖S‖

mocλ

)2

B. PolyDimensional Transformation

Rotating lines into planes preserves Invariant

δpσ = λ−1Sσµ δφµ , δSαβ = λ (p ∧ δφ)αβ

C. Metamorphic Covariance

Propose Laws of Physics Invariant under infin-

itesimal polydimensional transformations. Ap-

ply to momentum equation to derive spin equa-

tion of motion with new gradient torque.

Momentum: ṗσ = e
m

[
pνFνσ + 1

2Sαβ∂σFαβ

]

Spin: Ṡαβ = e
m

[
(S ⊗ F )αβ + λ2pσ∂σFαβ

]

Mass: mṁ = pµṗµ = 1
2λ2SµνṠµν = e

2SµνḞµν
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IV. Anholonomic Mechanics
A. Modified Euler-Lagrange Equation

Variation: δL = δL
δq δq + kδq̇ , k ≡ δL

δq̇

Rewrite: k δq̇ = d
dτ (kδq)− k̇δq + k

(
δq̇ − d

dτ δq
)

E.L. Eqn:
(
k̇ − δL

δq

)
δq = k

(
δq̇ − d

dτ δq
)

B. Variation of Velocity 6= Velocity of Variation

Example of 3D Rotation: δωk − d
dtδθk =

(
~ω × δ~θ

)k

Yields Euler’s Equation: J̇k − δL
δθk =

(
~ω × ~J

)
k

C. Relativistic Spin Equation

Lagrangian: L = Lo + 1
2UµνFµν

Dipole Tensor: Uµν = g
2eλ2θ̇µν

Canonical Spin: Jµν = δL

δθ̇µν
= Sµν + g

2eλ2Fµν

• Substituting the Canonical Spin into relativis-
tic Euler’s equation recovers our spin equation
• Magnitude of Canonical Spin (NOT mechan-
ical spin) is conserved.
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V. Polydimensional Action

A. Dimensional Democracy

• Space is made of points, lines, planes . . .

• Each geometric element has a coordinate.

• Event: dΣ = dxµeµ + 1
2daµνeµ ∧ eν + . . .

• New Affine Parameter (based on Invariant)

dκ2 = dxµdxµ − 1
2λ2daµνdaµν

B. Action Principle

Particles follow paths (polygeodesics) which

extremize the length swept out by the momen-

tum ± the area swept out by the spin.

L = mo

√
◦
xµ ◦

xµ − 1
2λ2

◦
aµν ◦

aµν
◦
Q≡ dQ

dκ

C. Momenta has Spin Enhanced Mass

Momentum: pµ ≡ δL

δ
◦
xµ

= mo
◦
xµ = m ẋµ

Spin: Sµν ≡ λ2 δL

δ
◦
aµν

= mo
◦
aµν = m ȧµν

Mass: m = mo
dτ
dκ =

√
pµpµ = mo

√
1 +

(
S

moλc

)2
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VI. Flat Space Electrodynamics

A. One Lagrangian for Both Equations

L = mo

√
◦
xµ ◦

xµ − 1
2λ2

◦
aµν ◦

aµν + e
(◦
xµAµ − 1

2

◦
aµνFµν

)

Current: jσ = e
◦
xσ =

(
e

mo

)
pσ

Dipole: Uµν = e
◦
aµν =

(
e

mo

)
Sµν

B. In terms of New Affine Parameter
◦
pσ = jνFνσ + 1

2Uµν∂σFµν

◦
S µν = (U ⊗ F )µν + eλ2

2
◦
xσ∂σFµν

C. In terms of Proper Time
mẍσ = eẋνF νσ + 1

2
e
mSµν [gασ − ẋαẋσ] ∂αFµν

Ṡµν =
(

e
m

)
(S ⊗ F )µν + eλ2

2 ẋσ∂σFµν

D. Unify Equations with Clifford Algebra

Polymomenta: M≡ pµeµ + 1
2λ2Sµνeµ ∧ eν

mo
e

◦
M= [M, F ] + 1

4 {2, {M, F}} , 2 ≡ eµ∂µ

8



VII. Curved Space Mechanics

A. Anholonomy Couples S and P
(
δ
◦
xσ − d

dκδxσ
)
=

. δxα ◦
xβτσ

αβ + 1
2

(
δxα ◦

aµν− ◦
xαδaµν

)
R′ σ

µνα
(
δ
◦
aλσ − d

dκδaλσ
)
=δλσ

ων

[
Γω

αµ

(◦
xαδaµν− ◦

aµνδxα
)

. +1
4R′ ω

αβµ

(◦
aµνδaαβ− ◦

aαβδaµν
)]

R′ ω
αβµ ≡ R ω

αβµ − τσ
αβΓ

ω
σµ

B. Generalized Equation of Motion
◦
kµ − δL

δxµ = kσ
◦
xατσ

αµ + 1
2

(
kωR′ ω

αβµ − 1
λ2JωβΓ

ω
µα

) ◦
aαβ

( ◦
Jµν − λ2τσ

µν
δL
δxσ

)
=
◦
xαΓω

αµJων + λ2

2 R′µνσω(
◦
x∧k)σω

. +1
2

(◦
a⊗J

)
αβ

[
1
λ2 δ

αβ
µν + R

′ αβ
µν

]
− 1

2

◦
aαβR′ ω

αβµ Jων

Canonical Momentum: kσ = pσ + eAσ

Canonical Spin: Jµν = Sµν + eλ2Fµν
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VIII. New Electrodynamic Terms

A. Spin Equation

All New Torque terms proportional to λ2

1
λ2

(◦
S −U ⊗ F

)

µν
' 1

2 (U ⊗ F + j ∧A)σω R′µνσω

. +
(
jαΓω

αµ + 1
2UαβR′ ω

αβµ

)
Fων

. + . . . torsion terms . . .

R′ ω
αβµ ≡ R ω

αβµ − τσ
αβΓ

ω
σµ

B. Momentum Equation

• Makes Stern-Gerlach Fully Covariant

• New Gauge-Dependent Force Term:

fµ = 1
2Uαβ

(
R ω

αβµ + τσ
αβΓ

ω
σµ

)
Aω

• The force on a static electric dipole,
~F = A4 ~ρ · ∇~g = A4∇ (~ρ · ~g)

10



IX. Interpretation

• Electrostatic PE adds to gravitational mass

• Electric Dipole in electrostatic potential ac-

quires effective mass dipole of strength ∼ A4~ρ/c2

• Mass Dipole couples to Tidal gravity force

11



X. References
1. Dixon, Dynamics of extended bodies in general rela-

tivity I. Momentum and angular momentum, Proc. Roy.

Soc. Lond. A314, 499-527 (1970). For the invariant,

see eqn 5.24 (p. 509). For covariant Stern-Gerlach

force see eqn 7.4 (p. 513).

2. J. W. van Holten, On The Electrodynamics Of

Spinning Particles, Nucl. Phys. B356, 3 (1991).

3. C. Chou, Dynamical Equations of Spinning Parti-

cles: Feynman’s Proof, hep-th/9311091.

4. Barut, Electrodynamics and Classical Theory of

Fields and Particles, (Dover, 1980), p. 73-80.

5. W. Pezzaglia, “Physical Applications of a Gener-

alized Clifford Calculus”, in Dirac Operators in Analy-

sis (Pitman Research Notes in Mathematics, Number

394), J. Ryan and D. Struppa eds., (Longman Science

& Technology, 1998), pp. 191-202; gr-qc/9710027.

6. W. Pezzaglia, “Dimensionally Democratic Calcu-

lus and Principles of Polydimensional Physics” in Clif-

ford Algebras and their Applications in Mathematical

Physics, Vol 1, Ablamowicz and Fauser ed., Birkhauser

(2000), 101-123; gr-qc/9912025.

12


