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Abstract

• The quantum mechanical Pauli Spin Matrices (1927) and relativistic 
Dirac Matrices (1928) are two common examples of Clifford algebra.  
Reinterpreted geometrically, these matrices represent lines, planes, 
volumes etc of dimensional space.  For example, the "imaginary" i is 
concretely associated with the volume of three dimensions. A particle 
can be described as a multigeometric sum of its observables, e.g. 
energy (scalar) plus momentum (line) plus spin (plane) plus helicity
(volume). Hence the work, force and torque equations can be solved 
in concert from a single multivector equation of motion.

• Interactions can be viewed as generalized "transdimensional" 
rotations that reshuffle geometry.  For example, a scalar particle (e.g. 
Higg's boson) would have a "field" of a vector which rotates lines into 
planes and vice versa.  Thus, one derives new forces (lines, aka
"vectors") that come from the spin (plane, aka "bivector") interacting 
with the field, and new torques (bivectors) that come from the 
momentum (vector) interacting with the field.
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I.  Introduction

1. Why we use Vectors in Physics

2. What are pseudoscalars?

3. Why Gibb’s is not enough

4. Think “out of the box”
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1.  Why use (Gibbs’) Vectors in Physics?5

• Notational Economy (3 equations in one)
• Coordinate free (physics should not depend upon coordinate system)
• Encodes isotropy of space

A mathematical language has utility when the metaprinciples of physics 
(e.g. isotropy) are built into its syntax

2.  What are pseudovectors & Pseudoscalars? 6

Gibbs’ vector algebra represents a plane by the vector perpendicular to it, 
which means a “vector” can mean either a line or a plane (ambiguous)



3.  Gibbs’ Vector Inadequacies 7

• Can not do Higher Dimensions:  Cross 
Product won’t generalize to 4D (relativity)

• Incompleteness:  there are only vectors and 
scalars.  You can’t directly represent a plane.

• Ambiguity:  Given vector V=(3i+4j) does it 
represent a directed line (vector) or the plane 
perpendicular to it (pseudovector)?

• Parity Problem:  the cross product is not 
preserved under mirror reflections (the cross 
product is not really a true vector, rather a 
“pseudovector”).

“... a sort of hermaphrodite monster, compounded of the notations of Hamilton and Grassmann” -Tait

J. W. Gibbs  1839-1903
Gibbs’ vectors 1881

4.  Thinking “out of the box” 8

A particular language might build in 
unquestioned prejudices.

Gibbs’ algebra (and conventional tensors) have 
“Dimensional Segregation”,

You cannot add different ranked geometries



II.  Geometric Algebra

A. Grassmann Algebra

B. Clifford’s Algebra

C. Applications in Electrodynamics

D. Geometric Calculus
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A  Grassmann Algebra
10

Hermann Grassmann
(1809-1877)

Inventor of “Linear Algebra”

1844 publishes massive work 
(which nobody understands)



A.  Grassmann Algebra

1. Extended Numbers

2. The Exterior Product

3. Hodge Dual (and other products)

4. Products of higher dimension
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1.  Extended Directed Numbers
12



2.  The Exterior (Outer) Product

Antisymmetric:

Neutral Algebra:

Associative:

Closed (e.g. in 3D):
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3.  The Dual and Inner (dot) Product

Dot Product:

Cross Product:
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4.  Products of Planes and Lines
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B.  Clifford Algebra
16

William Kingdon Clifford
(1845-1879)

•Translated Riemann’s work

•Anticipated general relativity

•Died shortly after inventing 
algebra which combined 
Hamilton’s and Grassmann’s
ideas into one form

•Forgotten until recently.



B.  Clifford Algebra

1. Definition of Clifford Algebra

2. The 3D Pauli Algebra

3. Geometric “direct” product of vectors
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1.  Defining a Clifford Algebra 18

For “N” dimensions
have “N” basis vectors

•They anticommute
•Square to +1 12211
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Or:  single rule

“Anticommutivity is perpendicularity”



2a.        3D Clifford Algebra is Pauli Algebra 19

Geometric interpretation of “i” is volume
Multiplying by “i” gives the dual

2b  Matrix Representation
Pauli algebra can be represented by 2x2 

complex matrices:  C(2)
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2c  Hermetian Conjugate

• The conjugate is an “anti-semilinear involution”
(reverses order)

• In matrix form it is the complex conjugate of 
the transpose.
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3.  Geometric (direct) product 
of vectors is a multivector

• Consider two vectors

A= a1σσσσ1+a2σσσσ2 B= b1σσσσ1+b2σσσσ2

• Multiply them

AB =(a1σσσσ1+a2σσσσ2 )(b1σσσσ1+b2σσσσ2)
= (a1b1+a2b2) + (a1b2-a2b1)σσσσ1σσσσ2 

• The product is a SCALAR + BIVECTOR:
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3b  Definition of Products

• Product 
• Reverse

• Dot product is symmetric interchange

• Wedge product is antisymmetric interchange
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C.  Multivector Electrodynamics 24

1.  Define the Electromagnetic Field Multivector (sum of 
vector electric field and bivector magnetic field)

211332
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2.   Dimensional Democracy 25

Define the “Polymomena” as the multivector
of the energy, momentum, spin and helicity

Scalar + Vector + Bivector + Trivector

iHSiP 11
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3  Multivector Equation of Motion 26

Four equations of motion in one!

( )FMMFM mc
e += †

2
&

( )
( )

ESiHiTrivector

BSEHiSiBivector

BvEePVector

EPScalar

m
e

m
e

m
e

rr
&

rrr
&

rrr
&

rr
&

•=

×+=

×+=

•=

:

:

:

: ξ



4  Solution 27

Can solve all four equations 
simultaneously in this 
multivector form!
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http://www.youtube.com/watch?feature=player_detailpage&v=1eOn5K9qZu4

D.  Geometric Calculus 28
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1.  Derivative of Vector is a 
multivector sum of scalar 
and bivector:

Derivative multivector field:

scalar   vector   bivector trivector



2.  Multivector Field Equation 29

You can get 4 Maxwell’s equations in ONE!
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Jancewicz,  Multivectors and Clifford Algebras in Electrodynamic s, (1988 World Scientific) pg. 78

3.  Example of Utility of Clifford Algebra 30

Left side is 
using Gibbs 
vectors, right 
side using 
Clifford 
Algebra



Continued 31

Solving 4 
equations in 
one can save 
many steps!

III.  Spacetime Geometry

A. Algebra of 4D

B. Electrodynamics in 4D

C. Rotations and Lorentz Transformations
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A.  Four Dimensional Spacetime

1. Time is the 4th dimension

2. Clifford algebra of 4D

3. Matrix Representation
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1. Metric of Time

• Euclidean space obeys 
the Pythagorean 
theorem.  Measurement 
of length:

• A spacetime “length”
has the metric of time 
being negative relative 
to the space portion

• Definition of “proper 
time” dτ
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2.        4D Clifford algebra is Majorana Algebra 35

There are two different 
“metric signatures” that 
work for special relativity:  
(---+) or (+++-)

Note pseudoscalar
does NOT commute 
with vectors in even 
dimensions

3  Matrix Representation
Majorana algebra can be represented by 

4x4 real matrices:  R(4)
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B.  Example:  Electrodynamics in 4D 37

1.  Unify Phenomena with 4th Dimension
Combine scalar law with vector law using 4D vectors

Scalar

Vector ( ) Fpp
BvEeP

vEe
m
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4 vector: p = p1ê1+ p2ê2+ p2ê3+ (E/c)ê4

Field F= E1ê4∧ê1+E2ê4∧ê2+ E3ê4∧ê3+
Bivector B1ê2∧ê3+B2ê3∧ê1+ B3ê1∧ê2

2. Unify Phenomena Dimensionally 38

Using Clifford Algebra, get 2 equations in 1

P is the momentum, S is the spin, F is the electromagnetic field



3  Solution 39

Again, solve for momentum and 
spin in one step. [ ]FMM mc
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The nature of “R” is that it rotates the “poly-
momentum” in the plane of the field bivector

C.  Rotations

1. Rotation generated by a bivector

2. Lorentz Transformation

3. Properties of Rotations
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1. Clifford Algebra Form of Rotation

• Rotation of any quantity “Q” in “xy” plane by angle φ
can be expressed in exponential “half angle” form:
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Note “spacelike” bivectors square negative:

The Magnetic field “rotates” the direction of motion  of particle

2. Lorentz Transformation

• Hyperbolic Rotation in “TX” plane by rapidity
angle β has same exponential “half angle” form:

42

2142
2/ˆˆ sinhˆˆcosh14 βββ eeeL ee +==

1' −= LQLQ

1)ˆˆ( 2
14 +=eeNote “Timelike” bivectors square positive:

because

1)ˆ(

1)ˆ(
2

1

2
4

+=

−=

e

e

The Electric field “rotates” the 
particle in spacetime, i.e. acceleration



3.  Properties of Rotations

• Isometry :  preserves modulus
specifically length of 4-vector:

• Preserves rank of geometry (vectors rotated into vectors)

• Preserves Clifford product (algebra automorphism)
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IV.  Transdimensional Physics

A. Automorphism Invariance

B. Pseudoscalar has trivector field

C. New macroscopic forces and torques?
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A.  Automorphism Invariance 45

Automorphism is an 
invertible transformation 
that preserves the Clifford 
algebra structure

Example:  “rotation”
by trivector εεεεe4

},{2 νµµν eeg =

Suggests dimension is 
relative to observer!

2ˆˆ 4θεeeR=

B.  Other Fields

Can justify this from Gauge Theory

Gauge Covariant Derivative
Field
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B.2  Equation of Motion with Trivector Field  47

Propose “Trivector” field “W” rotates 
polymomenta “M” by the same equation*
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*I can justify this from Dirac Equation.  
“g” is coupling constant

B.3  The PolyMomenta in 4D  48

Polymomenta must contain more pieces 
since field will “rotate” between geometries

Note I can justify this from Dirac theory.  Given Dirac Bispinor ψ :
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C.  Testable Physics?  49

Four equations in one: [ ]MWM mc
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C.2.  New Invariants  50

Mass is no longer invariant.  Have:
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These may be further constrained by the Fierz identities.  See Crawford, J. Math. 
Phys. 26 1439-1441 (1985)



C.3.  Dirac Equation Details  51

Can derive more correct set of equations 
from a Dirac Equation (here ev are equivalent 
to the Dirac Gamma Matrices):
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V.  Summary:  52

The Pezzaglia Polydimensional Principles:



V.  William Kingdom Clifford (1876) 53

Clifford Algebra has “Dimensional Democracy ”, 
allowing you to add lines to planes etc

1. That small portions of space are in fact of a nature analogous to 
little hills on a surface which is on the average flat; namely, that 
the ordinary laws of geometry are not valid in them.

2. That this property of being curved or distorted is continually being 
passed on from one portion of space to another after the manner 
of a wave

3. That this variation of the curvature of space is what really happens 
in that phenomenon which we call the motion of matter, whether 
ponderable or ethereal

4. That in the physical world, nothing else takes place but this 
variation, subject (possibly) to the law of continuity.
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